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TECHNICAL NOTE D-230 

THE VARIATION AND C0N"ROL OF RANGE TRAVEIXD I N  THE 

ATMOSPHERE: BY A HIGH-DRAG VARIABLE-LDT 

ENTRY VEHICLE 

By Donald C .  Cheatham, John W. Young, 
and John M. Eggleston 

SUMMARY 

A study has been made of the variation of range traveled during 
the atmospheric entry phase of a high-drag var iab le- l i f t  type of entry 
vehicle. The e f f ec t  on range of such fac tors  as entry angle, angle of 
a t tack,  wing loading, i n i t i a l  velocity, o r b i t a l  heading, and i n i t i a l  
l a t i t u d e  w a s  investigated. The data are presented i n  the form of char ts  
showing the e f f ec t  of each variable for  en t r i e s  s t a r t i ng  a t  ve loc i t ies  
close t o  c i rcu lar  satel l i te  velocity. By using such a method, the range 
tha t  w i l l  be traveled during the entry of a par t icu lar  vehicle can be 
predicted f o r  any combination of entry angle, wing loading, angle of 
a t tack,  o r b i t a l  heading, and i n i t i a l  l a t i t ude  within the range covered 
by the analysis .  
i t y  can be accounted fo r  during nonlift ing en t r i e s .  However, for  l i f t i n g  
e n t r i e s  the variation i n  range w i t h  i n i t i a l  velocity i s  nonlinear and i s  
d i f f i c u l t  t o  predict .  

Variations i n  range with variations i n  i n i t i a l  veloc- 

Results a re  a l so  presented which show the f e a s i b i l i t y  of an auto- 

Th i s  
matic control which regulates angle of a t t ack  i n  such a manner as t o  
control the t ra jec tory  of the  vehicle t o  a desired landing area.  
method of range control involves the concept of controlling the vehicle 's  
t ra jec tory  t o  a reference t ra jectory which terminates a t  the desired 
landing area. 
range could be controlled t o  w i t h i n  f20 miles of the desired location 
by the t i m e  an a l t i t ude  of 100,000 feet i s  reached. 

Results using t h i s  method of range control show t h a t  the 

INTRODUCTION 

In  order t o  insure the recovery of an entry vehicle after it has 
reached the surface of the ear th ,  it i s  necessary that the vehicle land 
i n  a predesignated area.  The s ize  of the area might be governed by the 
effectiveness of recovery f a c i l i t i e s  in. the case where the f i n a l  descent 



Jould be by parachute. 
Landing capabi l i t ies  such as one conforming t o  the concept described 
Ln reference 1, the designated area may be reduced t o  the s ize  of an 
rd ina ry  landing f i e ld .  
Lgnated area would be a function of how closely a desired entry tra- 
jectory outside the atmosphere can be reached and t o  what extent the 
trajectory within the atmosphere can be controlled. 

I n  the case of an entry vehicle which has glide 

In  e i the r  case the a b i l i t y  t o  reach the des- 

A closed-form solution i s  not available fo r  the distance ( tha t  i s ,  
Fange) traveled by a point mass entering the ea r th ' s  atmosphere on a 
?hysically possible t ra jectory.  Even solutions which assume small L 
Flight-path angles ( r e f .  2),  constant deceleration ( r e f .  3 ) ,  or constant 8 
rate of descent ( r e f .  3) lead t o  solutions which require a point-by- 3 
?oint (incremental) calculation of range as a function of a t  least one 0 
2ther t ra jectory variable. Unti l  a closed-form solution i s  found, it 
2ppears necessary t o  investigate the e f f ec t s  of each variable separately 
and t o  try t o  find some empirical method of predicting and controll ing 
range based on any instantaneous value of each of the t ra jectory vari-  
xbles. 
type of s a t e l l i t e  vehicle returning t o  ear th .  The type of vehicle con- 
sidered i s  one capable of high drag and low variable l i f t .  
t h i s  analysis i s  applicable t o  any vehicle having a high-drag f ron ta l  
surface and which i s  capable of generating a small l i f t -d rag  r a t i o  up 
to about a l i f t -drag  r a t i o  of 0.5. For the purpose of visualizing the 
cype of configuration, the drag surface i s  assumed t o  be essent ia l ly  
Plat and nearly normal t o  the velocity, i n  which case the angle of 
attack i s  considered t o  be near 90' during the entry. 

Such an analysis i s  reported i n  t h i s  paper by considering one 

Therefore, 

References 1 and 3 discuss the entry of a high-drag var iab le- l i f t  
d a s s  of entry vehicles and present r e s u l t s  which show tha t  small l i f t  
forces may be used t o  vary the distance traveled f'rom the  point of 
zntering the fringe of the atmosphere (considered a t  350,000 f ee t )  t o  
the landing area.  The effectiveness of these l i f t  forces i n  varying 
the range was very dependent upon jus t  how the l i f t  forces were pro- 
gramed. In  order t o  develop procedures fo r  programing l i f t  forces that  
w i l l  r esu l t  i n  accurate control of range, it is desirable t o  know the  
factors  which influence range and the extent of t h i s  influence. 
purpose of t h i s  paper i s  t o  determine the e f f ec t s  upon range caused by 
such factors as  entry angle, angle of attack, velocity, wing loading, 
entry la t i tude,  and o rb i t a l  heading. I n  addition, r e s u l t s  w i l l  be pre- 
sented showing the f eas ib i l i t y  of an automatic control which regulates 
angle of a t tack i n  order t o  control the entry t ra jec tory  of a high-drag, 
low-l i f t  entry vehicle t o  a desired landing area. 

The 
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initial orbital heading angle, deg 

acceleration, ft /set* 
constant used in exponential approximation of atmospheric 
density 

resultant-force coefficient 

gain constants used in range controller (eq (8)) 

Euler angles used to orient two axes systems with respect 
to each other 

Aesodynaaic f o r c e  
Mass 

acceleration due to aerodynamic force, 
f 

ftlsec2 

accelerdtion due to gravity, ft,/sec2 

height above surface of earth, ft 

angle bctween polar inertial X-axis and polar earth X-axis 
(H = %) 

unit vectors aloiig X-, Y-, and Z-axes, respectively 

moments or' inertia about prificipi body axis, slGg-ft2 

K;,KZ,K~,K~ constants used in expressions for range and maximum 
deceleration (eqs. (9) and (10)) 

lift-drag ratio 

latitude, deg 

I 11?7!27 23 

a l J ? , m 3  direction cosines 

"1, n2 7 n3 

L/D 

L 



colatitude, deg 

mass of vehicle, slugs 

pitching moment due t o  pitching velocity, f t - l b  

pitching moment due t o  angle of attack, f t - l b  

pitching moment due t o  elevator deflection, f t - lb  

yawing moment due t o  yawing velocity, f t - l b  

yawing moment due t o  angle of yaw, f t - lb  

yawing moment due t o  rudder deflection, f t - lb  

angular veloci t ies  about X-, Y-, and Z-axes, respectively, 
radians / se c 

dynsmic pressure, lb/sq f t  

radial distance measured fl-om earth's geographic center 

surface area, sq f t  

perimetric distance traveled over surface of earth since 
zero time (range), s t a tu t e  miles 

t i m e ,  sec 

component of velocity along X - a x i s ,  f t / sec  

component of velocity along Y - a x i s ,  f t / sec  

velocity, f t /sec 

component of velocity along Z-axis, f t / sec  

weight of vehicle, lb 

acceleration due t o  aerodynamic force along X body axis,  
f t /sec 2 

orthogonal axes 

angle of attack, deg 
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angle of sideslip, deg 

flight-path angle, deg 

elevator deflection, deg 

rudder deflection, deg 

range-to-go error, statute miles 

inertial longitude, deg 

longitude, deg 

Euler angles used to orient vehicle axes with respect to 
local earth axes 

atmospheric density, slugs/cu ft 

angular velocity of earth 

angular velocity, radians/sec 

Subs cr ipt s : 

0 value of variable at zero time 

b body axes 

z polar inertial axes 

P polar earth axes 

e earth stabilized axes 

a wind axes 

max maximum 

X component along X-axis 

Y component along Y-axis 

Z component along Z-axis 

T trim 
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A dot above a quantity denotes differentiation with respect to time. 
The symbol A above a quantity denotes a vector quantity. 

METHODS AND ASSUMPTIONS 

General 

The effects upon the distance traveled during the atmospheric phase 
of a high-drag, low-lift entry vehicle caused by variations in such fac- 
tors as angle of attack, wing loading, and so forth, have been determined 
by solving the equations of motion which describe the entry trajectory. 
The effect that a particular variable had on the range was determined 
by solving the equations of motion with different initial values of that 
variable. Much of the information was obtained with a fairly simple two- 
degree-of-freedom analysis of trajectories about a nonrotating earth. 
In order to determine effects associated with a rotating earth and 
atmosphere, a more sophisticated set of equations were used. For pur- 
poses of identification, these equations are termed nonrotating-earth 
equations and rotating-earth equations. 

Nonrotating-Earth Equations 

The force equations in this category are written to equate forces 
along and perpendicular to the vehicle's flight path. 
as derived in reference 3, are: 

These equatiocs, 

- - Q ~ S  sin - g sin y 
2m v =  

h = V sin y 

As = J,t V cos y dt 

(3) 

(4) 

For the analysis made with these equations, it was assumed that in 
the high angle-of-attack conditions, the vehicle acted as a flat plate 
normal to the airstream and the resultant aerodynamic forces remained 
perpendicular to the face. A resultant-force coefficient CR = l o 7  

L 

3 
0 

a 

. 



7 

was assumed in accordance with preliminary information from wind-tunnel 
tests. 
shows a negative lift-curve slope. 
with lift coefficients other than the one assumed could obtain the same 
change in lift by making larger or smaller changes in angle of attack. 

The resolution of this resultant force into lift and drag forces 
It should be noted that vehicles 

The earth was assumed to be spherical with a radius of 4,000 statute 
miles. A constant gravitational field of 32.2 ft/sec2 was assumed 
throughout the altitudes covered. The earth was assumed to be stationary 
in all respects and there was no relative movement of the atmosphere. 

Atmospheric density was assumed to vary according to the relation 
P = poe -Bh where po = 0.003 and B = 1/23,000. (These constants give 
a good approximation of the 1956 ARDC variation of atmospheric density 
in the region between 100,000 feet and 350,000 feet.) 

Rotating-Earth Equations 

The force equations solved in the analysis which account for the 
rotation of the earth’s atmosphere as derived in the appendix are as 
follows 

.C 2hLC .2 Lc = - - - + q cos Lc sin L, R R 

.. &Ye -g- . cos Lc 
= R sin L, R 2ccq sin Lc 

ii = -aZe + Rl&2 + R{*sin2Lc 

( 5 )  

(7) 

The distance traveled during an entry was assumed to be the great-circle- 
route distance between the initial-condition latitude and longitude and 
the final latitude and longitude. 

As in the nonrotating-earth equations, the vehicle aerodynamics 
were assumed to be the same as a flat plate normal to the airstream. 
A resultant-force coefficient of 1.7 was assumed at an angle of attack 
of 90°; however, a further assumption that this coeflicient varied 
approximately as the sine of the angle of attack was included. 

The earth, for the analysis made with these equations, was assumed 
to be spherical with a radius of 3,963 statute miles. The gravitational 



a 

f i e l d  was assumed t o  be constant a t  31.2 ft /sec2. 
l a t ed  gravity force a t  an intermediate a l t i t ude  of 200,000 f t . )  

(This i s  the calcu- 

The atmosphere was assumed t o  ro ta te  with the ear th  and no re la t ive  
movement (wind shear) was assumed. 
t o  vary i n  accordance w i t h  the 1936 ARDC model ( r e f .  4) .  

The atmospheric density was assumed 

Automatic Range Control Equations 

The method of range control studied i s  based upon the concept of 
controlling the entry t o  a reference t ra jectory which terminates a t  the 
desired destination. The reference t ra jectory i s  a calculated t ra jec-  
tory based on the best available data (atmospheric density, drag coef- 
f i c i e n t  of the vehicle, and so for th)  for  the vehicle considered. The 
point a t  which the trajectory terminates i s  designated as zero. Thus 
every other point on the t ra jectory has a corresponding "range-to-go" 
t o  t h i s  terminal point. 

L 

3 
0 

a 

Two types of reference t ra jec tor ies  were used i n  controlling range. 
The f i r s t ,  designated as type I, i s  shown i n  figure l ( a ) .  
jector ies  a re  obtained by holding a constant angle of a t tack  throughout 
the entry and by in i t i a t ing  the entry w i t h  three different  f l ight-path 
angles a t  an a l t i tude  of 3w,OOO fee t .  
h - As curves were assumed t o  be s t ra ight  l i nes  above an a l t i t ude  of 
230,000 feet* and t o  follow the same trajectory below 230,000 fee t .  
Based on these assumptions the data of figure l ( a )  were f i t t e d  with a 
simple equation of range-to-go as a function of a l t i tude  and i n i t i a l  
entry angle. The second type of reference trajectory,  known as type 11, 
i s  shown in figure l ( b ) .  The type I1 trajectory i s  obtained by joining 
the actual entry point and the 230,000-foot point by a s t ra ight  l i n e  as  
shown i n  figure l ( b ) .  For comparison, a type I reference t ra jectory i s  
a l so  shown i n  figure l ( b )  . 
t ra jectory i s  defined by the i n i t i a l  entry angle whereas the type I1 
reference trajectory i s  defined by the desired range. During the  entry 
of a vehicle it i s  presumed that equipment w i l l  be available t o  measure 
accurately the  a l t i t ude  and the distance between the posit ion of the 
vehicle and the desired destination. By comparing t h i s  information 
with data of the reference trajectory,  an error  i n  range-to-go can be 
determined. It was assumed tha t  the d i f fe ren t ia l  of range-to-go error  
could a l so  be obtained. 
would probably be obtained by a process of different ia t ion of the range- 
to-go error signal i n  any prac t ica l  system. 
normally results i n  undesired noise on the signal, f a i r l y  heavy f i l t e r i n g  
would probably be used. However, because changes i n  the entry t ra jectory 

Such t r a -  

For simplicity the actual  

It should be noted tha t  the type I reference 

The r a t e  of change of the range-to-go error  

Because d i f fe ren t ia t ion  

* T h i s  a l t i tude  would vary with wing loading and t r i m  angle of attack. 
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are of a rather  low frequency, the f i l t e r  dynamics would have a rela- 
t ive ly  insignificant e f fec t  on the  trajectory aynamics. Therefore, no 
noise or  f i l t e r i n g  was included i n  the present analysis. 

These quantit ies,  range-to-go error, and rate of change of range- 
to-go error ,  a re  modified by gain constants and combined t o  command a 
desired angle of a t tack  fo r  purposes of automatic range control. The 
angle of a t tack commanded i s  such that, i f  the vehicle is  short of the 
reference trajectory,  a lower angle i s  commanded i n  order t o  obtain 
posit ive l i f t  that w i l l  tend t o  lengthen the trajectory.  The equation 
u t i l i zed  fo r  t h i s  command is  as follows: 

a = q - C p r  + C2Gr 

where % 
and C 1  and C2 are  gain constants. The error  i n  range-to-go i s  
determined by 

i s  the t r i m  angle associated with the reference trajectory 

( 9 )  = (Range-to-go) - (Reference range-to-go) 

SCOPE OF TESTS 

Factors Influencing Range 

It i s  realized that, f o r  any particular vehicle, very detailed 
calculations of t ra jec tor ies  w i l l  be carried out. The data presented 
here are  not suff ic ient  t o  replace such calculations but a re  intended 
t o  show trends. Therefore, the  entire spectrum of possible combina- 
t i ons  of i n i t i a l  a l t i tude,  velocity, f l ight-path angle, and so for th  
i s  not considered but a representative cross section i s  studied. By 
holding constant a l l  but one of the important parameters and then 
methodically changing t h a t  one parameter during successive computed 
entr ies ,  the e f fec t  of the parameter on the  distance traveled by the 
vehicle can be studied. 

Most of the data were obtained for  en t r ies  w i t h  a vehicle having 
a wing loading of 20 pounds per square foot and traveling a t  c i rcular  
s a t e l l i t e  velocity a t  the i n i t i a l  point of reentry. With these condi- 
t ions,  runs were made over an entry-angle range from 0' t o  -5O and w i t  
the  angle of a t tack varied from 100' t o  600. 

The ef fec ts  on the range of changes i n  wing loading were investi-  
gated by using the nonrotating-earth analysis. 
wing loadings of 10, 40, and 60 pounds per square foot over the 

Tests were made w i t h  
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entry-angle range from -lo t o  -5O for  a constant angle of a t tack of goo. 
In  addition, limited calculations were made a t  an entry angle of -1' t o  
determine the influence of wing loading upon the variation of range w i t h  
angle of attack. 

The e f fec ts  of entering at -relocities other than equilibrium or 
circular s a t e l l i t e  velocity were determined over the range of veloci t ies  
from 24,000 t o  28,000 feet per second for  nonlift ing reentr ies  beginning 
a t  entry angles of -lo t o  -50. 
the nonrotating-earth equations. 

These calculations were made by using 

The rotating-earth equations were u t i l i zed  t o  investigate the ef fec t  
of i n i t i a l  heading and la t i tude  a t  entry upon range traveled wi th  respect 
t o  the earth. 
covered a complete 3600 range of headings for  en t r ies  a t  the equator 
and a t  a la t i tude  of 45O. 
mine how the influence of angle of a t tack d i f f e r s  w i t h  entry heading. 

Entry angles *om Oo t o  -5O were covered. The tests 

Limited calculations were a l so  made t o  deter- 

Automatic Range Control 

The tests of the automatic-range-control concept were made a t  entry 
angles of -lo, -2O, and -3O and a l l  started at an equilibrium velocity 
of 25,863 f e e t  per second. 
t e s t s  are shown i n  figures l ( a )  and l(b). 
er ror  was varied from -200 miles t o  900 miles for  the -1' entr ies ,  from 
-100 miles t o  400 miles for  the -2' entr ies ,  and from -150 miles t o  
250 miles f o r  the - 3 O  entr ies .  

The reference t ra jec tor ies  used i n  these 
The i n i t i a l  range-to-go 

Effect of f l ight-path angle and angle of a t tack  upon range.- The 
e f f ec t  of angle of a t tack upon the range traveled during the entry of 
a high-drag, var iab le- l i f t  vehicle i s  i l l u s t r a t ed  i n  the p lo t s  shown 
i n  figure 2. The prof i le  of a l t i tude  plot ted against range shows a 
typical  variation that resu l t s  when small l i f t  forces a re  generated by 
an angle of a t tack l e s s  than goo ( i n  t h i s  case, 79'). 
a nonlifting (a = 90') case i s  a l so  shown. The principal e f f ec t s  upon 

For comparison 
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The gains used i n  equation (8) t o  campute desired angle of attack 
were established by trial-and-error methods. In  some cases the gain 
on the range-to-go error signal was varied i n  a l inear  fashion w i t h  
a l t i tude .  
angle of attack. 

In  a l l  cases limits of 60° and llOo were imposed on the 

RESULTS AND DISCUSSION 

Nonrotating Ear th  
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the  t ra jectory w i t h  regard t o  range traveled occur a t  a l t i t udes  between 
3OO,OOO f ee t  and 175,000 fee t .  For steeper entry angles, a s l igh t ly  
lower a l t i t ude  i s  reached before the e f fec ts  of posit ive l i f t  became 
apparent i n  the range and deceleration. The prof i le  of deceleration 
shows the marked ef fec t  of angle of a t tack that has been previously 
described i n  references 1 and 3. 

A summary plot  of the range traveled by a high-drag vehicle a t  a 
constant L/D i s  sham i n  figure 3. For convenience, the ordinate i s  
given i n  both L/D and angle of attack since the la t ter  i s  used i n  a l l  
succeeding figures.  The abscissa gives the distance traveled from the 
i n i t i a l  a l t i t ude  of 350,000 feet, the i n i t i a l  velocity of 25,863 f ee t  
per second, and the indicated i n i t i a l  f l ight-path angles. It can be 
seen that the var ia t ion of range with angle of a t tack for  a given entry 
angle i s  nonlinear and i s  shown t o  be re la t ive ly  insensit ive t o  changes 
i n  angle of a t tack  a t  angles of attack of 90' and above but increases 
i n  sens i t iv i ty  a t  lower angles of attack. 

Effect of i n i t i a l  velocity upon range.- The data presented pre- 
viously i n  figures 2 and 3 apply t o  en t r ies  which start with a ve loc i ty ,  
of 25,863 f e e t  per second a t  350,000 f e e t  and with a wing loading of 
20 pounds p~er square foot. 
data presented i n  figures 2 and 3 may not be the velocity a t  which an 
actual  entry w i l l  occur. 
r e l a t ive  e f fec t  of i n i t i a l  velocity with range. 
e f f ec t  of various values of i n i t i a l  velocity upon the range traveled 
during nonlift ing en t r ies  (a = goo) fo r  entry angles from -1' t o  -5O.  
A t  - 5 O  the range traveled i s  approximately a l inear  f'unction of velocity 
w i t h  a slope of only 0.0175 mile per foot per second over the range of 
veloci t ies  from 24,000 t o  28,000 feet  per second. 
is decreased below -3O, the variation of range Kith velocity becomes 
nonlinear and, i n  the case of the -1' entry, the sens i t iv i ty  varies from 
about 0.2 mile per foot per second a t  an I n i t i a l  velocity of 24,000 t o  
a sens i t iv i ty  of almost i n f in i ty  a t  a velocity of 26,500. This l a t t e r  
velocity i s  the condition i n  which the vehicle w i l l  not be captured by 
the atmosphere but the t ra jectory w i l l  continue back outside the atmos- 
phere for  most of another orb i t .  

However, the velocity used t o  calculate the 

Therefore, it i s  of i n t e re s t  t o  determine the 
Figure 4 shows the 

As the entry angle 

I n  order t o  determine the effect  of velocity on l i f t i n g  entr ies ,  
a number of en t r ies  were made w i t h  four different  i n i t i a l  veloci t ies  
(24,000 t o  26,000 f ee t  per second) and with constant angles of a t tack 
(600 t o  goo). The entry angle i n  a l l  cases was -lo. The r e su l t s  are 
shown i n  figure 5. It can be seen f'rom figure 5 t ha t  the distance 
traveled is not only a nonlinear function of the  i n i t i a l  velocity but 
i s  a l so  a nonlinear function of the angle of a t tack during the entry. 
Limited calculations a t  entry angles of -2' and -3O indicate t h a t  the 
nonl inear i t ies  a re  l e s s  pronounced for  'these larger  entry angles. 
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I Rotating Earth and Atmosphere 

Effect of wing loading upon range.- The variations of range traveled 
for  nonlifting en t r ies  over the entry-angle range from -lo t o  -5' for  
wing loading of 10, 20, 40, and 60 pounds per square foot are shown i n  
figure 6. 
a l t i t ude  of 33O,OOO f ee t  were used for  a l l  entr ies .  
ure 6 show t h a t ,  as the wing loading i s  increased, the range is  a l so  
increased. The reason for  the increase i n  range i s  that vehicles having 
a higher wing loading a l so  have greater kinet ic  energy per uni t  area. 

An i n i t i a l  velocity of 25,863 f ee t  per second and an i n i t i a l  
The data of f ig-  

The variation of range traveled for  l i f t i n g  en t r ies  for  different  
wing loadings i s  shown i n  figure 7 for  cases where the entry angle 
was -lo. The figure shows that the variation i n  range w i t h  angle of 
a t tack  i s  v i r tua l ly  independent of the wing loading and that the increase 
i n  range with increased wing loading may be accounted for  w i t h  the addi- 
t i o n  of a constant which i s  proportional t o  log,(W /CRS)~/(W/CRS)~. 

Effect of angle of a t tack and fl ight-path angle upon range.- The 
variation of range w i t h  f l ight-path angle and angle of a t tack for  cases 
where the ear th  and atmosphere a re  assumed t o  ro ta te  a t  the normal side- 
r e a l  r a t e  are  shown i n  figure 8. 
where the o rb i t a l  heading is  t o  the south (180°) and t o  the east  (goo). 
For both cases the entry w a s  i n i t i a t ed  a t  the equator. It can be seen 
tha t  there is  a s ignif icant  e f fec t  of heading angle upon range and that 
t h i s  effect  i s  most prominent a t  the smaller entry angles and the lower 
angles of attack. A s  expected the en t r ies  made w i t h  headings of 1800 
resul ted in values of range i n  good agreement w i t h  the data of figure 3 
fo r  a nonrotating earth.  The indication i s  then that the slight d i f fe r -  
ences i n  density variation (ARDC variation compared w i t h  exponential 
variation) and variation of resultant-force coefficient (constant times 
the sine a compared w i t h  a constant) had negligible e f fec ts  upon the 
calculated variation of range traveled fo r  given conditions of i n i t i a l  
flight-path angle and angle of attack. 

Variations are presented f o r  cases 

Effect of heading and la t i tude  a t  entry upon range.- In  order t o  
determine the effect  of heading angle and l a t i t ude  on range, t ra jec-  
t o r i e s  were calculated for  en t r ies  w i t h  heading angles frm Oo t o  3600 
f o r  la t i tudes of Oo and 45O. 
fo r  an entry angle of -1' and an angle of a t tack  of 90'. The data are  
plot ted t o  show the relationship of range traveled and peak deceleration 
encountered a s  a function of heading angle. 
a re  indicated by the symbols and the pat tern tha t  was formed had the 
appearance of a sine wave. 
relationship which would closely approximate the calculated data. A 
simple relationship tha t  w a s  found t o  satisQ t h i s  requirement was of 
the form 

Figure 9 shows the r e su l t  of these runs 

The calculated data points 

Hence, an attempt was made t o  derive a 

L 

3 
0 

a 



Range = K1 - I(2 s i n  A cos L (9) 

(The term s i n  A cos L 
incl inat ion angle.) The curves sham i n  figure 9 were calculated from 
th i s  expression where K1 = 1,345 and rC, = 58. The variation of peak 
deceleration followed a similar relationship with heading and l a t i t ude  
and the peak g was approximated by the relationship 

i s  equivalent t o  the cosine of the o rb i t  

43- = K3 - $ s i n  A cos L 

where K3 = 6.95g and K)+ = 0.6g. 

The significance of the range variation w i t h  heading as i l l u s t r a t e d  
on figure 9 i s  tha t  the rotat ion of the ear th  beneath the vehicle as it 
enters  has a larger  e f fec t  upon range than that which is  a t t r ibu ted  t o  
the  difference i n  drag due t o  the change i n  airspeed w i t h  heading. I n  
other words, the decrease i n  g that i s  obtained by entering t o  the 
east gives only a small increase i n  range re la t ive  t o  the surface of 
the ear th  compared w i t h  the decrease i n  range due t o  the ro ta t ion  of 
the earth during the t i m e  required for the entry. 

The sinusoidal variation of range w i t h  i n i t i a l  heading shown i n  
figure 9 fo r  the case of an entry angle of -1' was a l so  found a t  a l l  
entry angles from -1' t o  -5O.  
peak deceleration encountered could be w e l l  approximated by expres- 
sions (9) and (10) but w i t h  different values of the parameters Kl, %, 
K3, and Q. The variations of K1 and $ over the entry-angle range 
from -1' t o  - 5 O  are shown i n  figures 1 O ( a )  and 10(b) fo r  a wing loading 
of 20 pounds per square foot and an angle of a t tack between 100° and TO0.  
The variation of 
the range variation which would be expected for  nonrotating-earth anal- 
ysis. $, fo r  an angle of a t tack of goo, varies f r o m  
about 90 miles a t  an entry angle of 0' t o  about 22 miles a t  7 = -5O.  
The time required from the point of entry t o  the point where the peak 
i s  reached varies i n  almost the same manner w i t h  f l ight-path angle as 
does the magnitude of $. 

The variation of range traveled and the 

K1 with flight-path angle and angle of a t tack  shows 

The magnitude of 

g 

The variations of '4 and $ over the entry-angle range from Oo 

t o  -5O are  shown i n  figure 11 for  a wing 1oading.of 20 pounds per square 
foot  and an angle of a t tack of goo. is re la t ive ly  
constant over the range of 
t o  about 0.9. Therefore, the maximum deceleration obtained during an 
entry i s  only s l igh t ly  dependent upon the la t i tude  and heading angle 
and cannot vary more than 1 g Secause of these factors.  The maximum 

The magnitude of 

7 from 0' t o  -5O and varies only fkom 0.6 
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deceleration i s  influenced predominantly by the entry angle and it i s  
noted that  K3 
l a ted  by Chapman i n  reference 2. 

has a variation w i t h  entry angle similar t o  tha t  calcu- 
(See f i g .  20(a) .) 

Effect of wing loading upon range.- The e f fec t  of wing loading upon 
the range traveled and the peak deceleration encountered i s  shown i n  
figure 12 for  -1' entr ies .  -Variations are  shown for  both southerly and 
easterly o rb i t a l  headings a t  entry. 
variation of the cases s t a r t i ng  w i t h  southerly headings i s  essent ia l ly  
the same as tha t  presented i n  figure 6 for  the nonrotating-earth anal- 
ys i s .  
mately constant 65-miie s h i f t  i n  range and 0.6g s h i f t  i n  peak decelera- 

range traveled between en t r ies  s ta r t ing  with easter ly  headings and those 
s ta r t ing  with southerly headings i s  essent ia l ly  equivalent t o  the value 
of i n  the range expression of equation (g), the data of figure 12 
indicate tha t  variations i n  wing loading primarily a f fec t  the magnitude 
of K1 and have a negligible e f fec t  upon I$. Although t h i s  has only 
been confirmed for  -1' entr ies ,  the steeper en t r ies  a re  basically l e s s  
affected by wing loading and it i s  expected that  the same trend of con- 
s tan t  $ and increasing K1 with increasing wing loading w i l l  hold 
t rue.  

(Entry i s  a t  Oo la t i tude.)  The 

L 
8 

0 

The variation representing the easter ly  heading shows an approxi- 

t i on  throughout the wing-loading range. Because the difference i n  3 

K2 

The discussion of the e f fec t  of wing loading throughout t h i s  report  
i s  based upon the assumption tha t  the resultant-force coefficient has 
the value of 1.7. I n  the event tha t  experimental data indicate tha t  a 
different drag coefficient i s  applicable, the data associated with the 
various wing loadings may be converted t o  the appropriate value of the 
parameter W/C# 
val idi ty  . 

(such as was done i n  r e f .  1) and would not lose i t s  

Range prediction.- In the preceding sections the relationship of 
range t o  such factors  as  entry angle, wing loading, angle of attack, 
i n i t i a l  velocity, o rb i ta l  heading, etc., was established t o  a limited 
extent,  For en t r ies  that start with i n i t i a l  veloci t ies  approximately 
equal t o  circular s a t e l l i t e  velocity, the data presented a re  suff ic ient  
t o  predict the range traveled by a vehicle entering a t  any fl ight-path 
angle between -lo and -50, w i t h  any wing loading between 20 and 60 pounds 
per square foot, a t  any angle of a t tack between 60' and looo, and with 
any orbi ta l  heading and la t i tude  a t  the entry point. 
t ion,  consider the following example: 

A s  an i l l u s t r a -  

Consider the case of a vehicle having a wing loading of 40 pounds 
per square foot entering a t  -2O with an angle of a t tack of 80° on a 
heading of 043' at a la t i tude  of 30'. 
found t o  be K1 - I(2 s i n  A cos L. From figure l O ( a ) ,  K1 for  7 = -2O, 

Frm equation-(9) the range i s  
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a = 80°, and a nonrotating ear th  i s  found t o  be 1,220 miles. 
Reference t o  figure 6 t o  correct for wing loading shows the correction 
t o  be 100 miles. The ear th ' s  rotation does not a f f ec t  K 1  so i t s  cor- 
rected value is  
K2 
not a f fec t  K2, no f'urther corrections are  necessary. Thus, the range 
traveled i s  

W/S = 20 

1,220 + 100 = 1,320. From figure 10(b) the value of 
Because wing loading does i s  found t o  be approximately 65 miles. 

1,320 - 65 s i n  45' cos 30' or 1,280 miles. 

The data u t i l i zed  i n  t h i s  example could a l so  be interpreted so as  
t o  determine an angle of a t tack required i n  order t o  obtain a specified 
range under given conditions of entry angle, w i n g  loading, and so for th .  
This approach would, however, provide an open-loop type of range con- 
t r o l  tha t  would be sensit ive t o  errors i n  determining such quantit ies 
as fl ight-path angle, a l t i tude,  range-to-go, and so for th .  Such a type 
of range control would require a rather complex computational procedure 
t o  take in to  account the factors  affecting range such as w a s  done i n  
the example. Additional complexities would a r i s e  if variations i n  
i n i t i a l  velocity would have t o  be accounted for .  

Automatic Range Control 

General.- A more simplified approach t o  range control than the 
open-loop predictor approach discussed i n  the  previous section i s  
afforded by the concept of controlling the entry t o  a reference tra- 
jectory. T h i s  approach i s  described i n  the section on methods and 
assumptions. 

The operation of the range controller i s  i l l u s t r a t ed  i n  figures 13 
and 14 where an entry s ta r t ing  w i t h  a fl ight-path angle of -1' i s  shown. 
The angle-of-attack controller follows the expression 

a = aT - C p r  + c2tr 

The variation of range-to-go w i t h  a l t i t ude  shown i n  figure 14 presents 
an overall  picture of how the trajectory i s  controlled t o  the reference. 
Figure 13 shows tha t  the i n i t i a l  range e r ror  ca l l s  fo r  an angle of 
a t tack  close t o  60°. 
a t tack  increases toward 90' and, because of the e f fec t  of the rate of 
change of the range-to-go term, the angle of a t tack  goes above the ref-  
erence t r i m  angle of 84' before the range-to-go'error i s  zero. There 
i s  about a 5O-mile overshoot i n  range-to-go error;  however, t h i s  error  
i s  sa t i s fac tor i ly  corrected and the error  a t  the 100,000-foot a l t i tude  
i s  l e s s  than 10 miles. 

A s  the range-to-go error  decreases, the angle of 
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Accuracy of range-controller operation.- After preliminary checks 
were made t o  determine the appropriate value of the gains on the range- 
to-go error and range-to-go er ror  ra te ,  a number of runs were made t o  
determine the accuracy w i t h  which the range controller could control the 
trajectory t o  a desired destination. The reference t ra jectory i n  each 
case was the one of the three shown i n  figure l (a )  which had the same 
i n i t i a l  f l ight-path angle as  the test run. 
range obtained for  runs s ta r t ing  with fl ight-path angles of -lo, -2O, 
and -3' are shown i n  figure 15. The so l id  symbols indicate the range 
of the reference t ra jectory for  each entry angle. 
made w i t h  gains of 0.06' per mile and 2 O  per mile per second. 
gains gave accuracy within 10 miles for  cases where the i n i t i a l  range- 
to-go t o  destination w a s  greater than the reference t ra jectory.  When 
the i n i t i a l  range-to-go was 100 t o  200 miles l e s s  than the reference 
trajectory,  range overshoots resulted t h a t  varied from about 25 miles 
for  a -lo entry angle up t o  75 miles for  a - 3 O  entry angle. 
w e r e  made where the range-to-go er ror  gain w a s  increased t o  0.1' per 
mile and these data are  indicated by the flagged symbols shown i n  f ig-  
ure 15. 
shorter desired range cases than was obtained w i t h  the gain of 0.06' 
per mile and indicated tha t  gain optimization could probably improve 
the range control accuracy somewhat. The intent  of t h i s  study, how- 
ever, was only t o  show the f eas ib i l i t y  of such a method of range con- 
t r o l  and no fur ther  attempt was made t o  optimize the method. 

A plot  of range desired and 

Most of the runs were 
These 

A few runs 

The accuracy obtained w i t h  these gains was be t te r  for  the 
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A limited number of runs were made w i t h  a type I1 reference tra- 
jectory as shown i n  figure l ( b ) .  
increased t o  0.14O per mile for  these runs (C2 

2O/mile/sec) and the resu l t s  were essent ia l ly  the same as  those 
obtained w i t h  the t e s t s  with the upper segaent of the reference fixed 
by the entry angle (type I) rather  than by the entry point. 

The range-to-go error  gain w a s  
held constant a t  

A l l  the entry t ra jec tor ies  controlled by the range controller were 
calculated with the nonrotating-earth equations. However, there i s  
nothing t o  indicate tha t  such a controller would not work with the 
rotating-earth equations. 

CONCLUDING REMARKS 

The present study has shown that ,  i f  the velocity of a high-drag 
var iable- l i f t  entry vehicle i s  known a t  the point of entry, the influ- 
ence on the range of such factors  as entry angle, angle of attack, wing 
loading, orbi ta l  heading, and i n i t i a l  l a t i tude  can be predicted. 
Although velocity a t  entry may be known reasonably close i n  advance, 
range prediction by the use of such charts and equations as have been 
discussed i n  the previous sections i s  'both complex and subject t o  errors  
due t o  measurement inaccuracies. 
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The concept of range cont.ro1 by controlling the entry to a ref- 
erence trajectory which terminates at a desired destination has been 
shown to be feasible. 
was reasonably good under the ideal conditions assumed in the present 
analysis. It is recommended, however, that further studies of such a 
method of range control be made in which factors such as the accuracy 
of measuring position, range-to-go, altitude, and so forth, be taken 
into account as well as possible deviations of atmospheric density and 
drag coefficients from that currently established. Further studies 
should also include methods for controlling the lateral range of an 
entry vehicle. 
vehicles of classes other than the high-drag variable-lift type is 
also recommended. 

The accuracy of this method of range control 

An investigation of the navigational problem of entry 

Langley Research Center, 
National Aeronautics and Space Administration, 

Langley Field, Va. , November 23, 1959. 
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APPENDIX 

EQUATIONS OF MOTION FOR ROTATING EARTH AND ATMOSPHERE 

The following frames of reference are used i n  defining the motion 

A l l  axes systems are considered t o  be 
of an entry vehicle entering the atmosphere of a ro ta t ing  earth. 
geometry i s  shown i n  f igure 16. 
posit ive orthogonal. 

(X,Y,Z)z 

(X,Y,Z), 

The 

L 
8 

toward the  North 3 
0 

polar i n e r t i a l  axes (fixed i n  space); the Z-axis i s  posi t ive 

earth-stabil ized axes (or igin a t  center of gravi ty  of body); 
the Z-axis i s  posit ive toward the earth's center and the 
X-axis i s  posi t ive toward the South 

(x,y,z)p polar ear th  axes (fixed i n  ea r th ) ;  the Z-axis i s  posi t ive 
toward the North 

(X,Y,Z)b 

(x,y>z) a 

body axes (pr incipal  axes fixed i n  body) 

wind axes (origin a t  center of gravi ty  of body) 

I n  order t o  or ien t  these frames of reference w i t h  respect t o  each 
other, a general Euler angle transformation i s  defined. 
used t o  orient a moving frame of reference w i t h  respect t o  a reference 
frame are: 

The three angles 

rotat ion about Z-axis E1 

E 3  rotat ion about new posit ion of Y-axis 
L 

rotat ion about f i n a l  E3 

Hence, 

X-axis 

1:) zd Moving 



where 
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21 = COS E1 COS E2 

Z2 = sin E1 cos E2 

23 = -sin E2 

ml = cos E1 sin E2 sin E3 - sin El cos E: 
m2 = sin E1 sin E2 sin E3 + cos El cos E; 

m3 = cos E2 sin E3 

n1 = cos El sin E2 cos E + sin El sin E: 

n2 = sin E1 sin E2 cos E3 - cos El sin E: 
3 

n3 = cos E2 cos E3 

The rate of change of these Euler angles can be expressed by 

r cos E3 sin E3 
E1 = COS E2 + q q  

E2 = q cos E3 - r sin E3 

?I i3 = p + q tan E2 sin E3 + r tan E2 cos E 

where p, q, and r are the components in the moving axes of the 
angular velocity along X, Y, and 2. 

By using equations ( A l )  and (A2) it is seen that the rate of change 
of the direction cosines can be expressed by 

xij = njp - 2Jr) 
i j  = i j q  - mjPJ 
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The following symbolism is used 

Hence from figure 16, 

where 

rl inertial longitude, h + H 
LC colatitude 

+,€I,@ orientation of body axes with respect to local earth axes 

A,Y azimuth and elevation of velocity vector 

The equations of motion are developed in the earth-stabilized 
axis system by applying the following general vector equations 

a & A  L(v) = * + g = .dv + n x v 
dt dt 

where 
specified reference system. 

51 is the angular velocity of the axis system with respect to a 

The velocity of the vehicle in the earth-stabilized axis system is 
given by 

A A L L  
V = ui + vj + wk 

A .-I 

(A5 1 
. A  

= LcRi - R{ sin Lcj - Rk 

L 
8 
3 
0 

(A4 1 
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The anguLar rotational rate of the earth-stabilized axis system 
w i t h  Fespect to the polar inertial axis system is given by 

The force equations in the earth-stabilized axis system are found 
by substituting equations (A6)  and (A5)  and the derivative of equa- 
tion (A>) into equation ( A 4 ) .  This procedure gives 
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A 2 - 4  

F + g = (gC + - R< sin L, cos Lc)i + (-RT sin L, -54 sin L, 

These equations can be expressed in the following form: 

.. .2 F~~ + gXe = CC + ~ R L ,  - RV sin L, COS L~ 

By assuming a spherical earth with nc oblateness effect, the com- 
ponents of g at an intermediate altitude of 200,000 feet are: 

gxe - - %e = 0 

gZe = g = 31.2 ft/sec2 

Hence, equation (A7)  can be expressed in the following manner: 

I .* axe 2 E c  -2  
L c = - - -  + q cos L, sin L, R R 

cos L, .. %e - - -  2G 2ic4 ’ = R sin L, R sin L, 

h = -aze + Ric2  + Rt2 sin2Lc 
.. 
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where = -i and where axe, aye, and aZe are the components of 

the acceleration in the earth-stabilized axis system and are given by , 

axe = ZlaXb = Fxe 

aye = 22aXb = FYe 

aZe = g + 23aXb = g + Fze 

where 

By def init!.on, 

1 

I - 1 2  q = pv 
J 

1 5  
ub 

a = 90 + tan’ 

1 -vb p = sin‘ - 
V 

where yo, v and wb are defined by by 

From equation ( A 5 )  

& = Ric 
ve = ~i sin L, 

( A l l )  
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From figure 16 
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A = tan’ 
u, 

With the assumption tha t  the body axes are the principal body axes 
and t h a t  ilze i s  negligible, the moment equations become 

1x6 = ( IY - 1z)qr + Rolling moment 

Iyi = (Iz - 1x)x-p + Pitching moment 

Izr = IX - Iy)pq + Yawing moment * (  

The ro l l i ng  velocity p was assumed t o  be zero; hence 
- 

i = O  

;1= Pitching moment - - %,qq + %,a? + MY,&% 
I Y  I Y  =Y 

were made suf f ic ien t ly  The damping moment terms and %,rr 
=Y I Z  

l a rge  t o  damp out any s m a l l  changes i n  a and j3. 

I n  order t o  obtain a given angle of a t tack,  a computed constant 
control  deflection was applied which, based on the s t a t i c  s t a b i l i t y  of 
the  vehicle, would give a trim angle of attack.equa1 t o  t h a t  desired. 
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Figure 2.- Comparison of variation of range with a l t i t ude  and decel- 
erat ion for angles of attack of 90' and 79'. 
V, = 25,863 f e e t  per second; yo = -lo; W/S = 20 pounds per square 
foot  . 
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Figure 8.- Variation in range as a function of angle of attack and 
entry angle for headings of Po and 180'. 
ho = 3 p , O O O  feet; V, = 25,7k3 feet per second; W/S = 20 pounds 
per square foot. 

Rotating earth; 

Heading, deg 

90 
180 --- 

\ 
\ 



34 

8. 
I n i t i a l  la t i tude ,  deg 

0 0  
45 _ - -  

ls25C I I I I I 1 I 
45 90 13 5 180 225 270 315 360 0 

North East South WQSt North 
l n i t i a l  heading, deg 

Figure 9.- Variation i n  range and maximum deceleration as a function 
Rotating earth; ho = 350,000 feet; of heading and i n i t i a l  la t i tude.  

Vo = 25,743 feet  per second; 70 = -lo; W/S = 20 pounds per square foot.  
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Figure 11.- Variation in K3 and K4 with entry angle where 

gm = K3 - 
Vo = 25,743 feet per second; a = goo; W/S = 20 pounds per square 
foot. 

sin A sin L. Rotating earth; ho = 350,000 feet; 
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Figure 12.- Variation in  range and maximum deceleration with wing 
loading for  headings of 90' and 180'. 
ho = 350,000 fee t ;  Vo = 25,743 fee t  per second; yo = -lo; 

Rotating earth;  

a = 900. 
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Figure 16.- Geometry of axes systems f o r  rotating-earth analysis. 


